JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS
Vol. 30, No. 1, January—February 2007

Survey of Nonlinear Attitude Estimation Methods

John L. Crassidis
University at Buffalo, State University of New York, Amherst, New York 14260-4400
F. Landis Markley
NASA Goddard Space Flight Center, Greenbelt, Maryland 20771
and
Yang Cheng
University at Buffalo, State University of New York, Amherst, New York 14260-4400

DOI: 10.2514/1.22452

John L. Crassidis is an Associate Professor of Mechanical and Aerospace Engineering at the University at Buffalo
(UB), State University of New York. He received his B.S., M.S., and Ph.D. in Mechanical Engineering from the State
University of New York at Buffalo. Prior to joining UB in 2001, he held previous academic appointments at Catholic
University of America from 1996 to 1998 and Texas A&M University from 1998 to 2001. From 1996 to 1998, he was a
NASA Postdoctoral Research Fellow at Goddard Space Flight Center, where he worked on a number of spacecraft
projects and research ventures involving attitude determination and control systems. He is the principal author of the
textbook Optimal Estimation of Dynamic Systems and has authored or coauthored more than 100 journal and
refereed conference papers. He has received many awards for his achievements including the best paper award for
both the 2001 and 2003 AIAA Guidance, Navigation, and Control conferences, the 2006 AIAA Sustained Service
Award, and the Society of Automotive Engineers 2006 Ralph R. Teetor Educational Award. His current research

‘ interests include nonlinear estimation and control theory, spacecraft attitude determination and control, attitude
dynamics and kinematics, and robust vibration suppression. Since 1997 he has been a member of the AIAA Technical
Committee on Guidance, Navigation, and Control where he currently serves as Chair. He is an Associate Fellow of
ATAA.

F.Landis Markley received a Bachelor of Engineering Physics degree from Cornell University in 1962 and a Ph.D.
in Physics from the University of California at Berkeley in 1967. While a member of the technical staff at the
Computer Sciences Corporation from 1974 to 1978 he made major contributions to the essential book Spacecraft
Attitude Determination and Control, edited by James R. Wertz, and directed a team that developed a FORTRAN
prototype of the onboard attitude determination and control software for the Solar Maximum Mission spacecraft. He
was a research physicist at the United States Naval Research Laboratory from 1978 to 1985, during which time he
performed research in autonomous navigation and coauthored a widely cited Journal of Guidance, Control, and
Dynamics survey article on Kalman filtering for spacecraft attitude determination, which was presented as an invited
paper at the 20th Aerospace Sciences Meeting of the AIAA and was translated into Russian for publication in the
Soviet journal Aeronautics/Space Technology. He has been employed at Goddard Space Flight Center since 1985. He
headed a team that developed the algorithms and the software implementation of the general-purpose Attitude
Determination Error Analysis System, which is used to develop specifications for attitude determination systems, and
presented a paper on these error analysis methods at the international symposium on Space Dynamics at CNES,
Toulouse, France, in October 1989. He has played a key role in developing attitude determination and control
systems for several Goddard missions, including SAMPEX, GOES, TRMM, HST, and WMAP. He received the
NASA Exceptional Service Medal in 1994 and again in 2005 and was appointed a Goddard Senior Fellow in 2000. He
is a Fellow of AIAA and received their Mechanics and Control of Flight Award in 1998. He is a member of the
American Astronautical Society and received their Dirk Brouwer Award in 2005.

Yang Cheng is a Research Assistant Professor of Mechanical and Aerospace Engineering at the University at
Buffalo (UB), State University of New York. He received his B.Eng., M.Eng., and Ph.D. in aerospace engineering
from the Harbin Institute of Technology, Harbin, China, in 1997,1999, and 2003, respectively. From October 2003 to
September 2006, he was a Postdoctoral Research Fellow at UB where he performed research on spacecraft attitude
estimation, ground target tracking, data assimilation, and signal sampling and reconstruction. His research interests
are in spacecraft attitude estimation, relative navigation, sensor calibration, nonlinear and robust estimation, and
information fusion. He is a member of AIAA.

Received 13 January 2006; revision received 13 June 2006; accepted for publication 3 July 2006. Copyright © 2006 by the American Institute of Aeronautics and
Astronautics, Inc. All rights reserved. Copies of this paper may be made for personal or internal use, on condition that the copier pay the $10.00 per-copy fee to the
Copyright Clearance Center, Inc., 222 Rosewood Drive, Danvers, MA 01923; include the code $10.00 in correspondence with the CCC.

12


http://dx.doi.org/10.2514/1.22452

(Nl)’ Nu)

P
P

(P, Py, PY)

SETE IR

R, R.,.R

wws g Pxgo xx)

ggee <8N

d

&

> DO B =
N

AB

dp

8q4
3q(9)
§(t—1)
do
My m.)
D

CRASSIDIS, MARKLEY, AND CHENG 13

Nomenclature

attitude matrix

estimated attitude matrix

attitude matrix parameterized using the
quaternion

ray representation of the attitude matrix
body-frame vector

body-frame vector measurement
model-error vector

expectation

Euler axis

external disturbance vector

nonlinear measurement model

3 x 3 identity matrix

inertial matrix

zero-mean Gaussian white-noise
processes

covariance

covariance for first step of two-step
estimator

innovations, output, and cross-
correlation covariances

probability density function

vector of modified Rodrigues
parameters

process noise covariance

estimated quaternion

quaternion

scalar part of the quaternion
measurement noise covariance
weighting matrices in extended
quaternion estimator

reference-frame vector

general control input vector
Lyapunov function

measurement noise vector

process noise vector

deterministic dynamic disturbance
vector

deterministic measurement disturbance
vector

state vector

state estimate vector

first-step state in two-step estimator
first-step estimate in two-step estimator
measurement vector

angular rate drift vector

sampling interval

difference between true and estimated
quaternion

difference between true and estimated
drift

estimated error generalized Rodrigues
parameter vector

scalar part of error quaternion
multiplicative error quaternion
Dirac-delta function

vector part of error quaternion

gyro noise vectors

rotation angle

vector part of the quaternion

standard deviation

sigma points

gyro noise spectral densities

noise for unit-vector measurement
attitude state transition matrix
quaternion state transition matrix
vector for error quaternion

measured angular rate vector

angular rate vector

03,3 = 3 x 3 matrix of zeros

1. Introduction

TTITUDE estimation involves a two-part process: 1) estimation

of a vehicle’s orientation from body measurements and known
reference observations, such as line-of-sight measurements to known
observed stars, and 2) filtering of noisy measurements. The second
partis achieved by combining the measurements with models, which
in itself can be done a number of different ways. One way is to use a
kinematics model propagated with three-axis rate-integrating gyros.
However, the rates measured by gyros drift over time. Therefore, the
attitude state vector is usually appended by three more states to
determine this drift. This leads to a complementary approach, in
which the gyros are used to filter the noisy body measurements and
the measurements are used to determine the drift inherent in the
gyros. Another way involves combining the kinematics model with a
dynamics model for the angular rate. However, even a detailed
dynamics model, such as Euler’s rotational equations, will have
inherent errors. For example, the inertia matrix may not be well
known. This is compensated in filter designs by using process noise,
which leads to the classic “tuning” problem in the filter. Throughout
this paper the terms “filter”” and “estimator” are used synonymously,
because noisy measurements are involved. When perfect
observations are given, then the term “observer” is used. Another
term is “smoother,” which refers to a batch algorithm, that is, not
executed in real time, to provide better estimates than a real-time
filtering algorithm. Various attitude filters, observers and smoothers
are shown here.

The extended Kalman filter [1-7] (EKF) is the workhorse of real-
time spacecraft attitude estimation. Because SO(3) (the special
orthogonal group for three-dimensional space) has dimension three,
most attitude determination EKFs use lower-dimensional attitude
parameterizations than the nine-parameter attitude matrix itself. The
fact that all three-parameter representations of SO(3) are singular or
discontinuous for certain attitudes [8] has led to extended discussions
of constraints and attitude representations in EKFs [6,7,9—11]. These
issues are now well understood, however, and the EKF, especially in
the form known as the multiplicative extended Kalman filter [5-7]
(MEKF), has performed admirably in the vast majority of attitude
determination applications. Nevertheless, poor performance or even
divergence arising from the linearization implicit in the EKF has led
to the development of other filters. Several of these approaches retain
the basic structure of the EKF, such as additive EKF approaches [12—
17], a backwards-smoothing EKF [18], and deterministic EKF-like
estimators [19-21], which are closely related to H,, control design
[22]. Another approach applies a two-step optimal estimator, in
which the first is a transformation of the measurement equation to a
linear one, thus providing a linear filter design, and the second step is
a least-squares solution for the estimate [23].

Other designs use various assumptions to derive simplified filters.
These generally provide suboptimal performance characteristics in
relation to the EKF, but involve linear or pseudolinear equations that
are used to estimate the states of a nonlinear dynamical system.
Therefore, linear design and analysis tools can be used to construct
the filter and assess its overall performance. Some of these use a
point-by-point solution of the attitude, for example, methods that are
based on the quaternion estimator (QUEST) attitude determination
solution [24]. Simple filter designs based on QUEST include filter
QUEST [25] and recursive QUEST [26]. A more complicated but far
more robust approach, called extended QUEST [27], uses a full
nonlinear propagation along with a novel measurement update. This
approach can be used to estimate attitude and additional parameters
as well.

Several new alternatives to the standard EKF have been recently
introduced, such as unscented filters (UFs) [28-31], also known as
sigma-point filters, and particle filters [32-35]. Unscented filters are
essentially based on second or higher-order approximations of
nonlinear functions, which are used to estimate the mean and
covariance of the state vector. Though the mean and covariance are
sufficient to represent a Gaussian distribution, they are not sufficient
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to represent a general probability distribution. This may be overcome
by using particle filters [32-35] (PFs). A PF for attitude estimation
based on the bootstrap filter [33] is shown in [34]. Oshman and Carmi
[35] use a bootstrap filter to estimate the quaternion and employ a
genetic algorithm to estimate the gyro bias parameters, avoiding the
need to augment the particle filter’s state and thus reducing the
number of particles required. Another approach uses a higher-order
Taylor series expansion than the standard EKF to predict the estimate
at the current time, based on current-time measurements and
previous-time estimates [36].

The optimal solution of the nonlinear estimation problem requires
the propagation of the conditional probability density function (PDF)
of the state given the observation history [35]. All practical nonlinear
filters are approximations to this ideal. Exact finite dimensional
filters [37] can be found that solve some nonlinear problems by using
the Fokker—Planck equation [2,38] to propagate a non-Gaussian PDF
between measurements and Bayes’ formula [1,2] to incorporate
measurement information. A recently proposed filter [39] follows
this pattern, but does not solve the nonlinear attitude filtering
problem exactly. This is referred to as an orthogonal filter, because it
represents the attitude by an orthogonal rotation matrix, rather than
by some parameterization of the rotation matrix. Nonlinear observers
often exhibit global convergence, which is to say that they can
converge from any initial guess, as discussed in the survey paper of
[40]. More recent observers are high gain observers [41], normal
form observers [42], backstepping observers [43], observers based
on a moving horizon [44.,45], and pseudospectral observers [46].
Several applications of observers for attitude control have been
proposed [47-52].

Adaptive approaches generally fall into two categories. One
category encompasses approaches that adaptively tune the Kalman
filter through the identification of either the process noise covariance
or measurement noise covariance, or both simultaneously [53]. An
example is the approach demonstrated in [54] that uses linearized
equations. Another approach develops adaptive filters that address
both colored and white-noise statistics [55]. An adaptive filter is also
proposed in [17] to account for inaccuracy in the knowledge of the
process noise statistical model, which uses a linear pseudomeasure-
ment model. Other adaptive approaches use adaptive methods for
fault tolerant estimation purposes [56,57]. The other category
includes approaches that adaptively estimate unknown system
parameters, such as the inertia matrix. These generally fall into two
basic categories: 1) parameter estimation or filter-based methods,
and 2) nonlinear adaptive techniques. Least-squares methods to
determine the inertia matrix and other constant parameters, such as
disturbance model parameters and biases, are shown in [58-60]. A
disturbance accommodation technique that models the unknown
disturbance angular rate using polynomials in time as basis functions
is shown in [61]. Nonlinear adaptive techniques are similar to
nonlinear observers in that they usually provide global stability
proofs that guarantee convergence of the estimated parameters [62—
64].

This paper will review the basic assumptions of these filters,
observers, and smoothers, presenting enough mathematical detail to
give a general orientation. First, reviews of the quaternion
parameterization and gyro model equations are given. Then, attitude
estimation methods based on the EKF are shown, followed by
QUEST-based approaches. Next, the two-step estimator is shown.
The UF and PF approaches are then shown, followed by the
orthogonal filter. Then, the predictive filter, as well as nonlinear
observers and adaptive approaches are reviewed. The paper
concludes with a discussion of the strengths and weaknesses of the
various filters.

II. Quaternion Parameterization and Gyro Model

The attitude of a vehicle is defined as its orientation with respect to
some reference frame. If the reference frame is nonmoving, then it is
commonly referred to as an inertial frame. To describe the attitude
two coordinate systems are usually defined: one on the vehicle body
and one on the reference frame. For most dynamical applications

these coordinate systems have orthogonal unit vectors that follow the
right-hand rule. The attitude matrix A, often referred to as the
direction cosine matrix or rotation matrix, maps one frame to another.
The attitude matrix is an orthogonal matrix, that s, its inverse is given
by its transpose, and proper, that is, its determinant is 41 [65]. For
spacecraft applications the attitude mapping is usually applied from
the reference frame to the vehicle body frame. Mathematically, the
mapping from the reference frame to the body frame is given by

b =Ar ey

where b is the body-frame vector and r is the reference-frame vector.

Several parameterizations of the attitude are possible [66].
Minimal parameterizations, such as the Euler angles, the Rodrigues
parameters (Gibb’s vector) and the modified Rodrigues parameters
(MRPs), are often avoided in filter designs for the “global attitude”
due to their associated singularities [§]. They are often used to define
the “local error attitude” though, which is discussed later. For
modern-day applications, that is, since the early 1980s, the qua-
ternion [67] has been the most widely used attitude parameterization.
The quaternion is a four-dimensional vector, defined as

_| @
q= [ q4] 2
with
e = [6]1 q> %]T:esm(ﬂ/z) (3a)
q, = cos(9/2) (3b)

where e is the unit Euler axis and 9 is the rotation angle. Because a
four-dimensional vector is used to describe three dimensions, the
quaternion components cannot be independent of each other. The
quaternion satisfies a single constraint given by g’q = 1. The
attitude matrix is related to the quaternion by

A(g) = (g5 — lelM 33 + 200" —2q4l0x] = ET(9)¥(g) (4)

where 15,5 is a 3 x 3 identity matrix and

B(g) = [W”j;; le] ] (5a)
V(g) = [‘1“1“_39_7[9 X]} (5b)

Also, [@X] is the cross-product matrix defined by

0 —q3 492
lex]=| g3 0 —q (6)
—q2 4 0

For small angles the vector part of the quaternion is approximately
equal to half angles [66], which will be used later.
The quaternion kinematics equation is given by

§=3E(Qw =32(w)q ™
where  is the three-component angular rate vector and
—ox] ®
o =T o] ®)
A useful identity is given by
V(Qo =T'(w)g ©)
where
ox] ®
I(w) = [[_wT] 0] (10)
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A major advantage of using the quaternion is that the kinematics
equation is linear in the quaternion and is also free of singularities.
Another advantage of the quaternion is that successive rotations can
be accomplished using quaternion multiplication. Here the
convention of [6] is adopted, where the quaternions are multiplied
in the same order as the attitude matrix multiplication, in contrast to
the usual convention established by Hamilton [67]. A successive
rotation is written using

A(g)A(g) =A(g ® q) an
The composition of the quaternions is bilinear, with
9'®q=[Vq) q]e=[E@ ql¢ (12)
Also, the inverse quaternion is defined by
-1_| @
= 13
q [ 7 ] (13)

Note that ¢ ® g~' = [0 0 0 1], which is the identity quaternion. A
computationally efficient algorithm to extract the quaternion from
the attitude matrix is given in [68]. A more thorough review of the
quaternion parameterization, as well as other parameterizations, can
be found in the survey paper by Shuster [66] and in the book by
Kuipers [69].

A common sensor that measures the angular rate is a rate-
integrating gyro. For this sensor, a widely used three-axis
continuous-time model is given by [70]

o=w+p+1, (14a)

B=n, (14b)

where @ is the measured rate, B is the drift, and 5, and », are
independent zero-mean Gaussian white-noise processes with

E{n, (01, (D)} = 038(t — D3 (152)

E{n, (0O (D)} = 078(t — )33 (15b)

where E{-} denotes expectation and §(¢t — 1) is the Dirac-delta
function. A more general gyro model includes scale factors and
misalignments, which can also be estimated in real time [71,72]. For
simulation purposes, discrete-time gyro measurements can be
generated using the following equations [73]:

2

1 1/2
Py —oﬁAt} N, (16a)

- 1
@ ] = Dpy +§[ﬂk+l + B+ |:At B

Bii1 =By +0,A2N, (16b)

where the subscript k denotes the kth time step, At is the gyro
sampling interval, and N, and N, are zero-mean Gaussian white-
noise processes with covariance each given by the identity matrix.

III. Extended Kalman Filter

The most straightforward way to attack a nonlinear estimation
problem is to linearize about the current best estimate. This leads, of
course, to the EKF [3], which is the workhorse of satellite attitude
determination. There are several different implementations of the
attitude EKF, depending on both the attitude representation [66] used
in the state vector and the form in which observations are input. Itis a
well-known fact that all globally continuous and nonsingular
representations of the rotations have at least one redundant com-
ponent [8], leading to alternatives using an attitude representation
that is either singular or redundant. These alternatives can be divided
into three general classes, which are referred to as the minimal
representation extended Kalman filter, the multiplicative extended
Kalman filter (MEKF), and the additive extended Kalman filter

(AEKF). An overview of Kalman filtering for spacecraft attitude
estimation emphasizing the quaternion representation, with a
complete list of references through 1981 is shown in [6]. This section
will provide a brief overview, emphasizing developments since
1981.

A. Observation Preprocessing in an EKF

Almost all attitude measurements can be converted to unit vectors:
centroids in a star tracker’s focal plane to star unit vectors, horizon
sensor measurements to a nadir-pointing unit vector, or triaxial
magnetometer measurements to a unit vector along the magnetic
field, for example. It has proved convenient, therefore, to develop a
standard unit-vector interface for the EKF, resulting in the unit-
vector filter (UVF) [74,75]. The UVF also employs a very useful
approximation to the errors in the unit-vector measurements. In
particular, Shuster [24] has shown that nearly all the probability of
the errors is concentrated on a very small area about the direction of
Ar, and so the sphere containing that point can be approximated by a
tangent plane, characterized by

b=Ar+ v, viAr=0 (17)
where b denotes the measurement and the sensor error v is
approximately Gaussian, which satisfies

E{v} =0 (18a)

R = E{vv"} = 0’[l;,5 — (Ar)(Ar)'] (18b)

Equation (18b) is known as the QUEST measurement model
[24,74,75]. This model is quite accurate for small field-of-view
sensors. The approximations in this error model are discussed in
[11,76]. Equation (18b) gives a rank-deficient R matrix, which would
appear to give rise to problems for the EKF, but Shuster has shown
that the simpler, full-rank form

R=0%I3,3 19)

gives equivalent results in this context [74,77]. The QUEST
measurement model has been expanded for large field-of-views in
[76].

Using QUEST [24] or an equivalent quaternion estimator as a data
compressor simplifies the interface even further. This is especially
useful because many modern star trackers compute a quaternion
from multiple star vectors, and the quaternion output from the star
tracker provides a convenient “measurement” for input to an EKF
[7.74.78].

B. Minimal Representation Extended Kalman Filter

The rotation group has three dimensions, and so the most
straightforward implementation of an EKF employs a three-
dimensional parameterization of the attitude. The earliest known
published attitude EKF used the 1-2-3 sequence of Euler angles [4]. It
is well known that these angles have a “gimbal lock™ singularity
when the magnitude of the middle angle is 90 deg, and so this form of
the EKF is most appropriate when the spacecraft does not stray too
far from a reference attitude. A good example is an Earth-pointing
spacecraft, with the attitude being defined with respect to a local-
vertical/local-horizontal coordinate frame. If the gimbal lock
condition arises, the coordinate axes to which the vehicle attitude is
referenced must be repeatedly shifted to avoid singularity [4].

Euler angles are inappropriate for agile spacecraft, such as
astronomical observatories. Minimal representation EKFs employ-
ing the Rodrigues parameters [79] and the MRPs have been
developed for this application [80]. The MRPs are nonsingular for
rotations less than 360 deg, and the singularity can be avoided by
changing to a “shadow set” of parameters [81]. This form of the EKF
has not found wide application, however.
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C. Multiplicative EKF

The MEKEF represents the attitude as the product of an estimated
attitude and a deviation from that estimate. A nonsingular
representation of the estimated attitude and a three-parameter
representation of the deviation are employed. The most usual
implementation uses the quaternion representation for the attitude
[5-7,82-84]. In this case the product is

q=38q(¢p)®4q (20)

where ¢ is the unit estimated quaternion and 8q(¢) is a unit
quaternion representing the rotation from ¢ to the true attitude g,
parameterized by a three-component vector ¢.

An alternative formulation, which has some advantages, reverses
the order of multiplication in Eq. (20) so that ¢ represents the attitude
errors in the inertial reference frame rather than in the body frame
[85-87]. It is also possible to represent the reference attitude by an

estimated attitude matrix A rather than by an estimated quaternion
[7,85,88,89]. This requires more parameters, but may save
computations if the attitude matrix is explicitly required. An
argument in favor of the quaternion is that it is easy to restore
normalization that may be lost due to numerical errors, whereas
restoring the orthogonality of A is nontrivial. Gray has argued that
this argument is not compelling if reasonable computational care is
taken [85].

The representation of Eq. (20) is clearly redundant. The basic idea
of the MEKEF is that the EKF estimates the three-vector ¢, whereas
the correctly normalized four-component ¢ provides a globally
nonsingular attitude representation. If (j; = E{¢} isthe estimate of ¢,
then Eq. (20) says that 6q((£) ® q is the estimate of the true attitude
quaternion ¢. This is equal to ¢ if the redundancy in the attitude
representation is removed by ensuring that ¢ has zero mean so that

Sq(qg) = §¢(0) is the identity quaternion. This choice means that ¢ is
a three-component representation of the attitude error and its
covariance is the attitude error covariance in the body frame. The
fundamental advantages of the MEKEF are that ¢ is a unit quaternion
by definition, the covariance matrix has the minimum
dimensionality, and the three-vector ¢ never approaches a
singularity, because it represents only small attitude errors.

Several choices for ¢ have been used [7], including the vector of
infinitesimal rotation angles [84], 2 times the vector part of the
quaternion [6], 2 times the vector of Rodrigues parameters [7], 4
times the vector of MRPs, or the integrated rate parameters [89]. All
these choices have the small-angle approximation

sa @)1= *? |+ ouwlr) e

and MEKFs employing them differ only in third order in the
measurement updates to the error angle [7].

The MEKF was first used in the space precision attitude reference
system (SPARS) in 1969 [82,88], was later developed for NASA’s
multimission modular spacecraft [5], and has been used for attitude
estimation on board several NASA spacecraft. It has been discussed
in detail in [6,7]. The latter reference discusses the extension of the
MEKEF to a second-order filter, following earlier work by Vathsal
[90].

D. Additive Extended Kalman Filter

An AEKEF uses a nonsingular parameterization of the attitude in
the filter’s state vector. Almost all AEKFs have employed the
quaternion [12-17], but the attitude matrix itself has also been
employed [91]. The AEKF can be either unconstrained or
constrained so that the attitude matrix is orthogonal or, equivalently,
that the quaternion has unit norm. A properly constrained AEKF is
mathematically equivalent to the MEKF [6,9,10].

Only the unconstrained quaternion AEKF will be discussed here.
This filter relaxes the quaternion normalization condition and treats
the four components of the quaternion as independent parameters. It
defines the estimate g and error Ag by

g=Elqly} and Agq=gq-—q (22)
This means that

E{llql’3} = E{14 + Aql*|3} = 141> + E{llAql*|3} = 141
(23)

where y denotes the measurement vector. The equality in Eq. (23) is
valid only if Agq is identically zero. Equation (23) shows that if the
random variable ¢ has unit norm and is not error free, the norm of its
expectation must be less than unity. The usual expression for the
attitude matrix as ahomogenous quadratic function of the quaternion
gives an orthogonal matrix only if the quaternion has unit norm.
Many unconstrained AEKFs have used the homogenous quadratic
form, which means that the attitude matrix is only approximately
orthogonal. It can be shown to approach orthogonality as the filter
converges, however [12-14].

The attitude matrix is guaranteed to be orthogonal if it is computed
using the normalized quaternion g/ || ¢|| in the homogenous quadratic
form, giving

Ax(g) = gl (43 = lel?) s + 200" —2q:l0x]}  (24)

The subscript R identifies this as the ray representation model,
because any quaternion along a ray in Euclidean quaternion space (a
straight line through the origin) represents the same attitude, with the
exception of the zero quaternion at the origin. This is also known as
the linearized orthogonalized matrix model [13,14]. The ray
representation form of the unconstrained AEKF, which is effectively
equivalent to the MEKF in the limit of continuous measurements
[11], has been applied to attitude estimation of the array of low-
energy x-ray imaging sensors (ALEXIS) and Cleft Accelerated
Plasma Experimental Rocket (CAPER) spacecraft [15,16].

Choukroun et al. formulate a measurement model based on the
matrix factorization of the attitude matrix [17] shown in Eq. (4). This
gives a measurement model that is linear in the quaternion, but with
state-dependent measurement noise

y=E(@b+v) - V(gr
_ |:—[(b +r)x] (b—r)

= Z(q)v 25
by 0 }q+ (@ (25)
where v is the measurement noise, which may or may not correspond
to a unit-vector observation. This model gives the same covariance
and state propagation as the ray representation AEKF, in the limit of
continuous measurements [11], but has subtle differences for discrete
measurements.

The relative merits of the AEKF and the MEKF have been
discussed at length [9-11,92]. One disadvantage of the uncon-
strained AEKF is that its covariance matrix includes elements
expressing the variance of the quaternion norm uncertainty and the
correlation of the norm uncertainty with all other estimated
parameters. These terms, which are not present in the MEKF, are
neither conceptually nor computationally desirable.

E. Backwards-Smoothing Extended Kalman Filter

The kth step in a nonlinear filtering problem can be posed as a
maximum a posteriori probability (MAP) estimation problem by
writing the PDF as p, = exp(—J;) with the loss function

18 s
Ji =*Z{[ i1 — R Qe OV R it — Bt (xi10)]

2 i=0

1 - A
+ I Q7w + 3 (xy — %) Py (xp — o) 6)
The MAP estimate X, is the vector x,, that, along with x; and process

noise w; for i=0,1,...,k—1, minimizes J, subject to the
dynamics equation
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X =filx,w) fori=0,1,....k—1 27

The process noise covariance is Q;, the measurement noise
covariance is R;, y;, is the measurement at time ¢, |, kt; | (x;; ) is
the nonlinear measurement model, and X, is the a priori estimate of
the state with covariance P. It can be seen that the size of this
problem grows with k. The usual EKF avoids this growth by not
explicitly recomputing the values of ¥; for i < k when x; is optimized
in the kth step. The iterated EKF improves upon the EKF by iterating
the nonlinear measurement update equation for X, relinearizing
about the updated state estimate at each iteration [1,93], but it does
not explicitly recompute the values of X; for i < k. Any Kalman filter
implicitly recomputes the past state estimates at a new measurement
update; but this point is often overlooked because estimates in the
past are generally of no interest. For linear dynamics and
measurements, these past estimates are optimal, but they are not
optimal with nonlinear dynamics or measurements. Thus the EKF
linearizations of the past measurements and dynamics are not about
the optimal estimates.

The backwards-smoothing extended Kalman filter (BSEKF), or
superiterated EKF [18], improves on the iterated EKF by
relinearizing a finite number of measurements in the past when a
new measurement is processed. The BSEKF therefore combines
some of the properties of an EKF, a smoother and a sliding-batch
estimator. It finds x, along with x; and w, fori = k — m(k), ...,k —
1 to minimize the loss function

(IS -
USS 7 Z {[J’iﬂ —hipy G DV R i — Bigy (i)
i=k—m(k)

_ 1 A _
+ w] 0; lwz} + E[xk—m(k) R N L N b A
- xA:—m(I{)]

(28)

where X;_,,, is used to represent old data. Equation (28) is subject to
the dynamics of Eq. (27) for i > k — m(k). The loss function of
Eq. (28) retains all of the nonlinearities of the most recent m(k)
stages, but the nonlinear effects of all the previous stages are
represented by the quadratic second term, which is an approximation
to the loss function Jy_,, for fixed x;_,,, optimized over all the x;
and w; fori < k — m(k). A value m,,,, for the number of stages to be
retained is chosen to balance accuracy and computational effort.
When k < my, the BSEKF uses m(k) = k stages, and when
k> Mo, it uses m(k) = My, stages. The detailed steps of this
procedure are presented in [18].

F. Deterministic EKF-Like Estimator

Nonlinear attitude estimators have been developed based on H,
control design techniques [19-21]. They have a structure similar to
the EKF, but do not depend on the questionable assumption of white
noise. One of these estimators has been applied to the attitude
determination of the radar calibration (RADCAL) satellite using
global positioning system (GPS) measurements [21].

The quaternion kinematic model is given by Eq. (7), but Eq. (14) is
replaced by

®=w+p+Bw, (29a)

B=Bw, (29b)

where w, is a square-integrable six-component deterministic
dynamic disturbance vector, and B; and B, are known matrices. It is
assumed that BBl = 05,5, although this assumption is not
necessary. The kinematics can be written with x = [qT BT ]T as

X =f(x) + Gx)w, (30)

where

f(x):[%a(q())gc::—m] and G(x):[—%igq)Bl] a1

Continuous measurements are modeled as
y=h) +Dx)w, (32)

where k(x) is the known m-component output vector, w, is a square-
integrable m-component deterministic measurement disturbance
vector and D is a known matrix function of x. The H,, estimation
problem is defined as follows. Let

2= f) + KE DT~ h®)] (33)
with initial value x(0) = X,,, and define an error function z by
z =8(x) = Z"(x)x (34

where all the functions and matrices are smooth functions with
appropriate dimensions. Then the H,, estimation problem is to
choose, for a given y > 0 and a given metric N, the function K (%, f)
for which

T " T
[ ||z(r)||2dr5y2{zv<xo,xo)+ [ [||wd<r)||2+||wy<r)||2]dr}
35)

Standard arguments show that a sufficient condition for the solution
of this problem is the existence of a non-negative function V(x, x, 1)
with V(x,, X, 1) = >N (x,, X,) that satisfies

J =0V/0ot+ (0V/3x) f(x) + (V/0R){f(X) + K(X, 1)[h(x)
—h®)]} + 2"z 4+ [0V /3x)G(x)G” (x) (3V /dx)”
+ (V0K E HR)KT®E, 1)(3V/38)T] < 0 (36)

where R(x) = D(x)D7 (x).
For the attitude estimation case, §(x) = [ 0,5 BT ]T is taken and

_| E@ 04
Z(x) - |: 03><3 I:xj] (37)
so that
_ —ET(q)é] 38
z = [ g—p (38)

The first three components of z are the vector part of ¢ ® ¢, the
estimation error quaternion.

A significant amount of algebra using some small-error
approximations shows that Eq. (36) is satisfied for

V(x,x,t) =y*z"P 7'z 39)
with the gain matrix
.
K@ 1) = Z()E)P[Ié @ ]R—l (40)
3xm

where H(q) is the m x 3 sensitivity matrix, which is a function of the
estimated quaternion, and the 6 x 6 matrix P satisfies the Riccati-like
equation

— P+ F(®)P + PF" (%)
. P[ Y2y — HU(@YRT'HG) 054 } »
033 A

1 0
+|:4Q1 3><3:|§0 1)
033 O

with
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Fay = |16 —B)x] %Im] s
(x) |: 03><3 03><3 ( a)
0, = B,BIT and Q, = BZBZT (42b)

The scalar y is a tuning parameter for this estimator. It can be seen
that a smaller value of y makes it more difficult to satisfy Eqs. (35)
and (41), and these equations cannot be satisfied at all if y is chosen
too small. As y becomes infinitely large, on the other hand, the
equality limit of Eq. (41) goes to the usual Riccati equation of the
Kalman filter, and the deterministic estimator becomes the
continuous measurement limit of the MEKF [6].

IV. Methods Based on Solutions to Wahba’s Problem

Filter QUEST and its variants are based on Wahba’s problem [94],
which is the problem of finding the proper orthogonal matrix A that
minimizes the loss function

m

_1 h 2
W) =52 il Ar (43)

where a; are non-negative weights and m is the total number of
measurements. Writing the loss function as

J(A) = Ay — trace(ABT) 44)
with

Ao = Za,- (45)
i=1

and

B

> aibyt 46)
i=1

makes it clear that J(A) is minimized when trace(ABT) is
maximized. This is equivalent to the orthogonal Procrustes problem
[95] of finding the orthogonal matrix A that is closest to B in the
Frobenius (or Euclidean, or Schur, or Hilbert—Schmidt) norm, with
the proviso that A have the determinant + 1. Shuster noted that the
nine components of the attitude profile matrix B contain full
information about the three attitude degrees of freedom and the six
independent components of the angular error covariance matrix, and
that choosing the weights to be inverse variances, a; = 07> makes
Wahba’s problem a maximum likelihood estimation problem [77].

There are many algorithms for solving this problem [96], of which
the most useful are Davenport’s ¢ method [97] and QUEST [24].
Davenport parameterized the attitude matrix by a unit quaternion, as
shown by Eq. (4), giving

trace (AB”) = q¢"Kq 47)
where K is the symmetric traceless matrix
B+ BT —trace(B) L5, Y™, ab; xr;

K = - T
(Zi’":l ab; x "i)

m

= _ZaiQ(l;i)F(ri) (48)
i=1

trace(B)

The relation on the right-hand side of Eq. (48) can be derived by
using the matrix identities in Eqgs. (7) and (9). Note that the matrices
Q2 and I' commute, which has some useful consequences [98]. The
optimal attitude is represented by the quaternion maximizing the
right-hand side of Eq. (47), subject to the unit constraint ||g|| = 1.1tis
not difficult to see that the optimal quaternion is equal to the
normalized eigenvector of K with the largest eigenvalue, that is, the
solution of

qupt = )"maxqopt (49)
With Egs. (44) and (47), this gives the optimized loss function as
J(Aopt) = )‘O - )"max (50)

The QUEST algorithm is based on Shuster’s observation that A,
can be obtained by a Newton—Raphson iteration starting from A as
the initial estimate, because Eq. (30) shows that A, is very close to
A if the optimized loss function is small. In fact, a single iteration is
generally sufficient. QUEST is less robust than Davenport’s g
method in principle, but has proved itself to be reliable in practical
applications.

A. Filter Quaternion Estimator

Because a filtering algorithm is wusually preferred when
observations are obtained over a range of times, Shuster proposed
the filter QUEST algorithm [25], based on propagating and updating
B:

B(1) = n @33 (15, 1) B(11) + Zail;iriT D

i=1

where @3, ;(#, t,_;) is the state transition matrix for the attitude
matrix, u < 1 is a fading memory factor, and m;, is the number of
observations at time 7. The optimal attitude at time ¢, is found from
B(t,) by the QUEST algorithm. Shuster also formulated a smoother
on the same basis.

An alternative sequential algorithm, recursive quaternion
estimator (REQUEST) [26], propagates and updates Davenport’s
K matrix by

my
K(t) = p @yt ti ) K (1) Phog (11, 1) + Z a;K; (52)
i=1

where @4, (7, f,_,) is the quaternion state transition matrix and K is
the Davenport matrix for a single observation:

hrl +rb —(b'r h. X 1
K[ — |:b1r1 +rl{7l (bl r1)13><3 (bl_,x rl):| (53)
(b; xr)" biTri

Filter QUEST and REQUEST are mathematically equivalent, but
filtler QUEST requires fewer computations. Neither has been
competitive with an EKF in practice, largely due to the suboptimality
of the fading memory approximation to the effect of process noise.
Computing the fading memory factor by a Kalman-gain-like
algorithm gives better performance, but sacrifices much of the
attractive simplicity of this method [99].

B. Extended Quaternion Estimator

Extended QUEST [27] is an algorithm that solves for the attitude
along with additional parameters. This is accomplished by finding
the attitude quaternion ¢, and the vector of auxiliary filter states x;,
along with ¢,_;, x;_;, and the process noise vector w;_; that
minimize the loss function

1 my 5 1
7=52 0715 = AQIRIP + 5 IRy wi [P
i=1
1 N , 1 N
+ 3 R gqk—1y (@i=1 — G0 II> + 3 | Reqk—1) (@k—1 — Gx—1)
+ Ry (s — )| (54)
subject to the attitude dynamics equation,
g =Pt 3 X, Wi )Gk (55)
the transition equation for the auxiliary filter states,

X = [l it Qmrs Xpm1 Wimy) (56)
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and the norm constraint ||q, || = 1. The vectors q,_, and x,_, are the a
posteriori (or best) estimates of g and x at sample time 7,_;, and the
various R matrices are weights in the loss function.

The minimization employs an extended square-root information
filtering algorithm [100] that proceeds in two stages per sampling
period. The first phase dynamically propagates the a posteriori
estimates at stage k — 1 to compute a priori estimates at stage k. The
propagated state estimates use the full nonlinear propagation and the
mean value, zero, of the process noise, as in the EKF:

G = Ot X415 0)Gig (57)
and
¥ = folte i1 @it X421, 0) (58)

The result of the propagation step is a modified form of the loss
function

1 & ~ 1, ~ -
1(gex) =507 11b: =A@ + 5 | Raguey (@ — 401
i=1

1 = - ~ -
+ 3 1 Rqiiy @k — i) + Ryxiaoy (X — X)) 12
(39
where the R matrices are obtained by a QR factorization in the
propagation step that employs a linearization about the a priori
estimates at stage k — 1 as in an EKF.

The second phase, the measurement update, is the novel part of
extended QUEST. The optimum x; is easily given by

X=X, — k;xl(k)kxq(k) (9% — q1) (60)

Substituting this in Eq. (59) and using Eqgs. (44), (46), and (53) gives

my
J(qi. %) = —q; (Z Ui_zKi)qk

i=1
1 = - ~ -
+ 3 Ry (@ — @1 [Ryqiy (1 — G101 (61)

Minimizing this loss function gives the best estimate ¢,. The
minimization differs from Wahba’s problem because of the linear
terms in g;. Substituting g, into Eq. (60) gives

X=X — Ié;xl(k)léxq(k) (qx — qx) (62)

The remaining step is to express the optimized loss function in the
form of Eq. (54) to prepare for the next step in the recursion. The
details are in [27].

V. Two-Step Attitude Estimator
The two-step optimal estimator is an alternative to the standard
EKF [23]. An implementation of the two-step optimal estimation for
recursive spacecraft attitude estimation is presented in [101]. The
general cost function of the two-step optimal estimator is given by

k—1

1 - -
Jy= EZ{D}H—I =i Ge DI R i — ig ()]
i=0

+ w[TQ;‘lw,-> +%(x0—f0)TP61(x0—~f0) (63)
subject to the dynamics equation

X =filx;,w;) fori=0,1,....k—1 (64)

The process noise covariance is Q;, ¥;, is the measurement with

covariance R, , h;,(x;; ) is the nonlinear measurement model,

and X, is the a priori estimate of the state with covariance P,,. The
state estimate X, that minimizes the above cost function is the MAP

estimate if the process noise, the measurement noise, and the initial
estimate error satisty the Gaussian assumption.

The main point of the two-step optimal estimator is to define a first-
step state ) = F(x) in which the nonlinear measurement model is
linear, thatis, y = h(x) + v = H)Y + v, where v is the measurement
noise, so that a linear measurement update of the first-step state can
be applied. The first-step state ) is related to the desired or second-
step state x and the measurement y through the nonlinear mapping 7
and the linear measurement matrix H, respectively. All the
information contained in the initial guess and the measurements is
fused in the first-step state using a Kalman filter that performs a
nonlinear and sometimes higher-order time update and a linear
measurement update. The initial mean jio and covariance P, of the
first-step state can be obtained from X, and Py, for example, using a
Monte Carlo approach. In general, (x, — X,)"P5!(x, — X,) is not
equivalent to (Y, — j)o)TPa (Vo — Vo) because of the nonlinear
relationship between x and ). The desired state estimate X; is
obtained from the first-step state estimate j)k and its error covariance
matrix P, as the minimum of the cost function

I =10 = FOI P D — Fx)] (65)

The constraints in X, may also be included by use of the Lagrangian
multiplier method. A numerical least-squares algorithm such as the
Gauss—Newton or Levenberg—Marquardt method is used to solve the
second-step minimization problem. Note that to guarantee the
uniqueness of the solution, the size of the first-step state should in
general be larger than or equal to that of the desired state and the
covariance matrix of the first-step state should be positive definite.
When there are no dynamics, that is, x;,; = x;, or initial guess,
Eq. (63) reduces to

k
J, = %Z[y[ — by R[5 — hi(®)] (66)

The two-step attitude estimator for this special case amounts to
1) formulating the cost function in terms of y; and R; in an equivalent
form in terms of jik and P, that are obtained with a linear least-
squares scheme and 2) obtaining X, by solving the converted cost
function. The first-step estimate j/k and the covariance matrix P, are
simply an equivalent representation of all the measurements.

In the two-step attitude estimator, the desired or second-step state
is the attitude quaternion (for attitude-only estimation) or the attitude
quaternion and the gyro biases (for attitude and gyro bias estimation).
The assumed attitude measurement model is the unit-vector model,
which is independent of the gyro biases, linear in the attitude matrix,
and quadratic in the attitude quaternion. With this measurement
model, the first-step state for attitude-only estimation can be chosen
as

Yy :[AII,AIZ,AISvAZIv--~sA33]T (67)

where A;;, i, j = 1, 2, 3 are the elements of the attitude matrix. The
measurement matrix H that relates ) in Eq. (67) to a unit-vector
observation is given by

T 0,; O
H=|0, 1" 0, (68)
0,5 0,5 1

where r is the representation of the unit vector in the reference frame.
The first-step state is expanded to include the gyro biases when both
the attitude and the gyro biases are to be estimated.

The attitude part of the augmented first-step estimate may be
understood as the usual arithmetic mean of the attitude matrix in the
space of 3 x 3 matrices, which is not an orthogonal matrix in general.
As Kasdin and Weaver noted, this first-step estimate is not to be used
as an estimate of attitude because it does not take the six constraints
on the attitude matrix into account [101]. The purpose of the first step
is to optimally filter the vector measurement sensor noise. It is not
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until the second-step minimization that the best attitude estimate (as a
unit quaternion) becomes available. The details of the second-step
minimization of the two-step attitude estimator are in [101].

The dynamic propagation equation of the attitude part of the first-
step state, ) in Eq. (67), is given by

V(1) = Q@)V(1) (69)
where Q(w) is given by
N 0343 w3l3,3  —wyl3,3
Q@) = | —w313,3 0343 w133 (70)
wyl3s  —o1l33 O3

Because the attitude quaternion does not appear in the above
equation, the corresponding time update of the first-step estimate is
not a function of the unit quaternion estimate. Therefore, there is no
need to find the unit quaternion estimate to process the filter. Only
when the attitude estimate is desired does the second-step
minimization need to be computed. In most of the two-step optimal
estimators, however, the dynamics for the first-step state is explicitly
dependent on the second-step state in a nonlinear fashion.
Consequently, the time update of the first-step state is complex and
computationally expensive [101].

When the angular rate @ in Eq. (69) is perfectly known, only a
linear Kalman filter needs to be implemented for the first-step state,
that is, )V in Eq. (67). When the angular rate is obtained from noisy
gyro measurements and both the attitude and the gyro biases are to be
estimated, the dynamic propagation equation of the augmented first-
step state becomes nonlinear because of the state-dependent process
noise and the product terms of the attitude matrix elements and the
gyro biases. In this case a nonlinear time-update scheme must be
implemented for the first-step state.

The two-step attitude estimator for attitude-only estimation
consists of:

1) Time update of the first-step estimate as a nonorthogonal
matrix.

2) Measurement update of the first-step estimate as a nonor-
thogonal matrix.

3) Second-step minimization for the unit quaternion or the
orthogonal attitude matrix (run on demand).

It has similar properties with the recursive attitude estimation
algorithms in [91], although the gyro measurement and vector
measurement models used therein are slightly different. In [91], the
algorithm without orthogonalization corresponds to the first two
steps only; the algorithm with orthogonalization corresponds to the
first two steps followed by an iterative orthogonalization procedure,
which is run at every measurement update. The convergence of the
two algorithms in [91] is not always assured when they are initialized
with the identity matrix.

VI. Unscented Filtering

The Unscented filter [28,29] works on the premise that with a fixed
number of parameters it should be easier to approximate a Gaussian
distribution than to approximate an arbitrary nonlinear function. The
filter is derived for discrete-time nonlinear equations, where the
system model is given by

X1 = o k) + wy (71a)

jk = h(xk, k) + Vg (71b)

Note that a continuous-time model can always be written using
Eq. (71a) through an appropriate numerical integration scheme. It is
again assumed that w;, and v, are zero-mean Gaussian noise
processes with covariances given by Q, and Ry, respectively.

In this section the superscript + denotes an updated value and the
superscript — denotes a propagated value. Assuming no process
noise, the formulation for the prediction equations and computation

of the gain matrix is given by computing the following sigma points:

0 < 2n columns from + y/P{ (72a)
x1(0) =% (72b)
X (i) = 0y () + % (72¢)

where y is a design parameter and \/ﬁf denotes the matrix square
root of P,(+ [95]. Because of the symmetric nature of this set, its odd
central moments are zero, and so its first three moments are the same
as the original Gaussian distribution. The transformed set of sigma
points are evaluated for each of the points by

Xi1 (D) = flxi (). k] fori=0,1,...,2n (73)

The predicted mean at time #; | for the state estimate is calculated
using a weighted sum of the points ), (i), which is given by

2n

Rip =) Wreny () (74)
i=0

where W is a weighting parameter. The innovations process is
v, =y, — Yi, where y; = h(x;.k). The predicted covariance,
output covariance, and cross correlation between X and y; are
computed by

2n

Pror =2 W [ O = fa |0 =0, | 759)

i=0

2n

Pl =Y W [ = e [[rea@ =5 ] asv)

i=0

2n

Pl = Z WfOV[XkH(i) _’2@1][7“1(1') _JA’/?H]T (75¢)
=0

where W' is another weighting parameter and
Vi1 (D) =h(5 (), k+ 1) (76)

Because the measurement noise appears linearly in Eq. (71b), the
covariance of the innovations process at time f#;,; is PpYy,=
P} + Riy1- The Kalman gain and updated covariance are rewritten
in the form given by [102]

. -1
K1 = Pkil(PZil) (77a)

P+

i1 = P

k+1 Kk+1PZilK/Z+1 (77b)

The state update is given by the usual EKF form:
X0 =X + Kiven (78)

Methods to handle process noise for the computation of the predicted
covariance and to handle nonlinearly appearing measurement noise
are discussed in [29].

As with the standard EKF, using the UF directly with a quaternion
parameterization of the attitude yields a nonunit quaternion estimate,
as seen by Eq. (74). To overcome this problem an unconstrained
three-component vector is used, based on the generalized Rodrigues
parameters [81] (GRPs) to represent an attitude error quaternion [31].
The algorithm is called the unscented quaternion estimator, or
USQUE. The state vector includes the attitude error and bias vectors:
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X:(0) =& = [sé’k"] (79)

where the estimated error-GRP 8 p,, is used to propagate and update a
nominal quaternion. This estimate, as well as the corresponding
sigma points, can be used to form error quaternions, denoted by
3¢ (i), through a simple transformation from GRPs to quaternions.
Then, the following quaternions are computed:

q;(0) =g (80a)

) =8¢ () ® g}, i=1,2,...,12 (80b)
A reset of the attitude error to zero after the previous update is
required, which is used to move information from one part of the
estimate to another part [7]. This reset rotates the reference frame for
the covariance, and so it is expected the covariance be rotated, even
though no new information is added. But the covariance depends on
the assumed statistics of the measurements, not on the actual
measurements. Therefore, because the update is zero mean, the mean
rotation caused by the reset is actually zero, and so the covariance is
in fact not affected by the reset. The quaternions in Eq. (80) are
propagated using Eq. (7) with the estimated angular rate. The
propagated error quaternions are then computed using

5‘11:+1(i) = ‘}@1(1') ® [‘EH(O)] 1: i=0,1,...,12 (81)
Note that 8q;_, , (0) is the identity quaternion. Finally, the propagated
error-GRPs are computed using a simple transformation from
quaternions to GRPs. The error-GRPs can be propagated directly,
however, this approach requires the integration of nonlinear
equations. The advantage of converting the GRPs to quaternions is
that a closed-form discrete-time solution exists for Eq. (7).

VII. Particle Filters

There is no such thing as “the PF,” just as there is no such thing as
“the EKF” [103]. Particle filters comprise a very broad class of
suboptimal nonlinear filters based on sequential Monte Carlo
simulations, in which the distributions are approximated by weighted
particles (random samples) that are generated using pseudorandom
number generators. The computational expense and attainable
estimation accuracy of PFs vary greatly. Numerous theories,
improving strategies, and applications of the PFs can be found in
[32,33.104].

The general discrete-time model used in PFs is given by

X1 = fr(eg, ug, wy) (82a)

Y= h(x, vp) (82b)

The main difference between PFs and other filters is the process noise
w, and the measurement noise v, are not necessarily assumed to be
normally distributed processes. The distributions of x,,, w;, and v,
denoted by p(x,), p(w;), and p(v;), respectively, are assumed to be
known and mutually independent. The probabilities p(x,|x;) and
p(¥|x;) can be derived from the above model and are assumed to be
available for sampling and evaluation.

The variables X and Y are used to denote the state trajectory
x; }k o and measurement history {y; j \» respectively. From the
samphng perspective, the empirical, discrete approximation of the
posterior distribution p(x;|Y,) with N weighted particles

{x(’) (') N | is given by [32]
~ N -
py(dxy]¥) ~ Z w80 (dx,) (83)
where x(’) are the particles drawn from the importance function or

proposal distribution g (x; +1|)(,({"),I?k 1) w,(f) are the normalized

importance weights, satisfying > ¥ | w,(c’) = 1,and 8 (» (dx,) denotes
k

the delta-Dirac mass located in x(') The importance function can be

chosen from a large class of dlstrlbutions. It is only required that the
support of the importance function include the support of p(x;| Yk).
The importance weight is the ratio of the posterior distribution to the
importance function evaluated at xk) The expectation of a known

function f(x;) with respect to p(x;|¥,) is then approximated by

Nw k) f (x(’)) [32]. For example, the approximation to the
arithmetic mean of xis YN, w®x®_ Crisan and Doucet showed
that the upper bound on the variance of the estimation error of the
expectation has the form ¢cO(N~!), with ¢ a constant [104,105].
Daum argued that ¢ in the upper bound depends heavily on the state
vector dimension [103,104].

A PF updates the particle representation {x\”, w{’}¥  in a
recursive manner. A cycle of a generic PF includes [104]
Sequential Importance Sampling: 1) For i =1,..., N, sample

xgﬁ)rl from the importance function q(xk+,|X}(i),Yk+,); 2) For

i=1,...,N, evaluate and normalize the importance weights
oo P (el p (i 1x)
Wy O Wy m (84)
a(x X0 V)
Resampling: Multiply/discard particles {xk e N | with respect to

hlghllow importance weights will to obtain N new particles

{x) WV, with equal weights.

A popular suboptimal choice of the importance function is
q(xk+||X,Ei),I7k+,) =p(xk+,|x,(("))‘ The PF with this importance
function is known as the bootstrap filter (BF). Sampling x,f+ | from

P(Xiy |xk)) is equivalent to the dynamic propagation of xk) to time
tr41- The information contained in the measurement y,,, is not
employed in the sampling process. The corresponding update of the
importance weight, Eq. (84), has a simple form, that is,

w) | o< wl! p(Fry |x§('ll), which is appealing especially when the
evaluation of p(x,,|x;) is difficult. Note that this choice becomes
inefficient when the overlap between p(x;, |x,(€’)) and p(¥ip1 1% 41)
is small. In contrast with this simple importance function, the optimal

importance function p(x;, |xk , ¥iy1) that mmlmlzes the variance

of the importance weight w;) conditional upon x ) and Yy fully
incorporates the latest measurement y,,,, but usually cannot be
evaluated exactly or have samples drawn from it. The resampling
step alleviates the inherent particle degeneracy of sequential
importance sampling, but also reduces the number of distinct
particles, which is often called the problem of particle impoverish-
ment. Simple remedies for the impoverishment problem include
roughening and regularization [104].

Particle filters are superior to conventional nonlinear filters for
strongly nonlinear and non-Gaussian filtering problems, but they are
also known for being computationally expensive. A main issue of
PFs is the computational complexity for high-dimensional systems.
For a 100-dimensional linear and Gaussian system, a linear Kalman
filter can give the optimal Bayesian estimate, but the simulation-
based PF without employing the linear Gaussian structure of the
system may be unable to produce useful results.

Recent applications of PFs in spacecraft attitude estimation are
reported in [34,35,106,107]. The PFs employed therein are
essentially the BF, in which the attitude is propagated through
attitude kinematics or dynamics and the measurements are only used
to update the importance weights. In [34], a simple BF was designed
to simultaneously estimate the attitude and the gyro biases (or the
attitude and the attitude rate in gyroless applications). The uniform
attitude distribution is used as the initial attitude distribution for the
case of no initial attitude knowledge. A gradually decreasing
measurement variance is used in the computation of the importance
weights. This application showed that a simple BF with careful
design can tackle a nontrivial six-dimensional attitude estimation
problem. In [35,106], the genetic algorithm-embedded quaternion
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particle filter (GA-QPF) is presented for attitude and gyro bias
estimation. The adaptive version of the GA-QPF is given in [107],
which estimates the measurement noise distribution on the fly, along
with the estimation of the spacecraft attitude and gyro biases. The
noise distribution estimation scheme is based on an analysis of the
filter-generated innovations process.

In [35,106,107] the problem of attitude and gyro bias estimation is
divided into two easier problems. The resulting GA-QPF has an
interlaced structure. The quaternion particle filter (QPF) that
estimates the attitude quaternion for a given gyro bias estimate is
interlaced with an external maximum likelihood estimator for the
estimation of the gyro bias. The likelihood function for gyro bias
estimation is approximated as [35]

ky
[ P3| ®ss(@; — B)G;-1] (85)

J=ki

where ®,,4(-) is the quaternion transition matrix derived from the
continuous-time quaternion kinematics and ¢;_, is obtained from the
QPF. In the likelihood function, the gyro bias 8 is treated as constant
over [t , t,]. The dynamic gyro noise model, for example Eq. (14), is
not incorporated into the likelihood function. The GA algorithm
maximizes the likelihood sequentially in time. The number of
attitude particles is dramatically reduced by a simple initialization
procedure of the QPF. The idea is based on the fact that the first vector
observation defines a quaternion of rotation up to 1 degree of
freedom. This degree of freedom is used to generate the initial set of
particles from the first observation only.

Unlike the filters that work directly with the state mean and
covariance, PFs compute the mean and covariance as derived
quantities of the particle representation {x\’,w(’}¥ . The
interactions between the mean and covariance as in the EKFs no
longer exist in PFs, and the issues such as attitude representations and
attitude error definitions are much less significant in PFs than in
EKFs. Three methods for computing the attitude estimate have been
proposed:

1) As the usual arithmetic mean of three-component attitude
representations such as the MRPs [34], or

2) As the attitude particle with the largest importance weight
[107], or

3) As the minimum of the cost function [107]

i [a(a?) A

subject to ATA=AA" = L3,5.

The third method is the minimum mean square error (MMSE)
estimate in SO(3) and can be computed using the singular value
decomposition method [107]. The metric in SO(3) associated with
the cost function of the MMSE estimate is given by [108]

dp(Ay,Ay) = [|A; — Ayl (87)

which is in general not identical with the Riemannian metric in SO(3)
corresponding to the length of the shortest geodesic curve, given by
[108]

dy(Ay.Az) = |log(474,) | (38)

The third method is superior to the other two but is also more
computationally expensive. A problem with the second method is
that the particle with the largest importance weight does not
necessarily have the maximum a posteriori probability because the
importance weight is defined as the ratio between the posterior
distribution and the importance function. The choice of the
importance function may have great impact on the maximum of the
importance weights and the corresponding attitude estimate. The
second method for computing the attitude estimate is also known to
be inaccurate. The first method is not attitude-parameterization
independent or invariant under rotations; it treats the attitude

particles in a three-component attitude representation like real
vectors in the Euclidian space. This approximation is good when the
attitude particles are distributed over a small angle.

VIII. Orthogonal Attitude Filter

The orthogonal filter [39] represents the attitude by an orthogonal
rotation matrix, rather than by some parameterization of the rotation
matrix. This avoids questions about singularities of representations
or covariance matrices arising in other filters, and has the additional
advantage of providing a consistent initialization for a completely
unknown initial attitude, owing to the fact that SO(3), the group of
rotation matrices, is a compact space [109]. The PDF is a non-
Gaussian function defined on the Cartesian product of SO(3) and the
Euclidean space R" of bias parameters. The Fokker—Planck equation
[38] propagates the PDF between measurements and Bayes’ formula
[1] incorporates measurement information. This approach is related
to earlier work by Daum [37] and Lo [110-112]. It is well known that
the Fokker—Planck equation for linear dynamics and Bayes’ formula
for a linear measurement model lead to the usual Kalman filter with a
Gaussian PDF.

The non-Gaussian PDF of the attitude on SO(3) is defined by

Pa,v,(A) = exp[—Jy v, (A)] (39)
where the negative-log-likelihood function is given by

Ja,v,(A) = —trace (B/1;|UA) + constant (90)

The real 3 x 3 matrix B, has the correct number of free parameters
to represent the mean and covariance of an attitude state, as in
Wahba’s problem. In fact, a filter based on this PDF will look very
much like filter QUEST. Equation (90) contains the first two terms,
£ =0 and £ =1, of an expansion of the negative-log-likelihood
function in the irreducible representations of SO(3) [113]. An
attitude PDF of this form was first considered by Lo [110-112], who
referred to it as an exponential Fourier density. Lo included the
higher-order £ =2 term, but treated neither process noise nor
nonattitude bias parameters.

Three attitude estimates can be defined for this PDF: the
conditional expectation

A= [ Apan @ dua 1)
S0(3)
the MAP estimate
Ay = arg max[p, 1y, (A)] (92)
A€SO(3)
and the MMSE estimate

AMNSE _ g min[ [ A=Ay ) dM(A)] ©3)

A'€SO(3)

where du(A) is an invariant volume element on SO(3). The
conditional expectation is not an acceptable attitude estimate,
because it is not an orthogonal matrix in general. The MAP and
MMSE attitude estimates are orthogonal matrices by definition, and
they can be shown to be identical for this PDF [39].

A PDF describing uncorrelated bias parameters obeying Gaussian
statistics and an attitude with a PDF specified by Eqgs. (89) and (90)
would be the exponential of the sum of the right-hand-side of Eq. (90)
and a quadratic function of the bias parameters. The simplest
generalization to include correlations between the bias vector and the
attitude matrix in the orthogonal filter is

Ta o, lr, (A, %) = %xTFfL‘Ux — Zlux — trace [B/Clv (x)A] + constant

(94)

where
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N
Bu\v(x) = B//.|v.0 + Z B/ﬂv.k'xk (95)
k=1

where x; is the kth component of x. Propagation and update
equations for the parameters F , ¥, and By, fork=0,...,N
are derived from the Fokker—Planck equation and Bayes’ formula,
respectively. The MAP and MMSE estimates will differ for the
general correlated problem. Therefore, the method uses the more
easily computed MAP estimates, which are found by simultaneously
satisfying the equations

A/L/L = arg mln["A A (A xmt)] (96)
AeSO(3)
and
/l./u = arg mln[JA X Yy (Au\usx)] (97)
xeRN

Defining a vector function 7,,,(A) with components given by
mmw@hzumqphﬂg fork=1,....N (98
allows Eq. (97) to be rewritten as

R . N A T
Xppp = arg Hgvnn{%xTqux - I:'PMV + ”M\U(Aulv)] x
XE.

~trace (B, oA )} = (Fi) [+ man(ia] 09

The attitude estimate A uv can be found by maximizing
trace[BZ‘v (X)A] for some initial guess for X,,, using one of the
algorithms developed for Wahba’s problem, then updating x , ,, using
Eq. (99), and iterating this procedure until it converges.

Because the Fokker—Planck equation is nonlinear, the £ = 1 term
in the PDF leads to £ = 2 terms in the propagation, which cannot be
accommodated in the filter. More realistic measurement models may
also require the £ = 2 irreducible representation to be included in the
PDF. If £ = 2 terms are included in the PDF, however, the nonlinear
Fokker—Planck equation will introduce £ = 3 and £ = 4 terms that
would have to be ignored. It appears that no PDF including a finite
number of irreducible representations of SO(3) can provide an exact
solution of the Fokker—Planck equation, and it remains to be seen if a
consistent algorithm of this type can be found.

wlv

IX. Predictive Filtering

In the nonlinear predictive filter it is assumed that the state and
output estimates are given by a preliminary model and a to-be-
determined model-error vector, given by [36]

(1) = fIE(1)] + GIR(n)]d(7) (100a)

y(1) = h[x(1)] (100b)

where d(¢) is the model error, which may include both model
variations and external disturbances. A Taylor series expansion of
the output estimate in Eq. (100b) is given by

y(t + A1) = y(t) + z[x(1), At] + A(AD)S[x()]d (1) (101)

where the ith element of z[x(¢), Af] is given by
Pi

zﬁayAq=§:%?Lﬂm) (102)

Jj=1

where p;, i=1,2,...,m, is the lowest order of the derivative of
h;[x(£)] in which any component of d(¢) first appears due to
successive differentiation and substitution for %, ;(1) on the right side,
and L’ +(h;) is a jth-order Lie derivative [114]. The matrix A(A7) is
dlagonal with elements given by At”/ p;!, and the ith row of S[x(¢)]

is given by

SO = {Ly [L07 00|y [L a0 ]} a03)

where ¢ is the number of columns of G[x(7)] and L, [L.’f’"_] (h;)] is
another Lie derivative. Equation (103) is in essence a generalized
sensitivity matrix for nonlinear systems.

A cost functional consisting of the weighted sum square of the
measurement-minus-estimate residuals plus the weighted sum
square of the model correction term is minimized to determine d(z).
This yields [36,115]

d (1) = (AADSEOL RTHAADSERO] + W)~
ANADSEON Rt + Ar) — (1) — z[£(1). Arl} (104)

where the matrix R is the measurement covariance and the matrix W
serves to weight the amount of model error added to correct the
assumed model in Eq. (100). As W decreases, more model error is
added to correct the model, so that the estimates more closely follow
the measurements. As W increases, less model error is added, so that
the estimates more closely follow the propagated model. An optimal
W can be computed using an output covariance constraint which is
that the covariance of the measurement residual matches the actual
measurement covariance in a statistical sense [36]. Equation (104) is
used in Eq. (100a) to perform a nonlinear propagation of the state
estimates to time #;, then the measurement is processed at time #;, | to
find the new d(¢) in [, t,,,], and then the state estimates are
propagated to time ;.

An example of the predictive filter involves using the following
model to estimate the quaternion:

g=-8(qd (105)

1
2
where d is determined from attitude measurements, such as GPS
carrier-phase difference [116]. The advantage of the predictive filter
over the EKF for attitude estimation applications is that the
linearization is performed at the output, not at the system dynamics.
Therefore, the issue of quaternion normalization is never a problem
in the predictive filter, because d is used to propagate the quaternion
kinematics directly. Another advantage of the predictive filter is that
it can be used to provide a point-by-point solution by setting W = 0.
Other applications of the predictive filters for attitude estimation are
shown in [117,118].

X. Nonlinear Observers
Many nonlinear observers exist that provide attitude and angular

and dlsadvantages In thls sectlon the observer designed by Thienel
et al. [52,119] is shown, because it is the most recent of the
aforementioned references. In their approach, the measured angular
rate of Eq. (14a) is rewritten as

G=w+p (106)

where the vector B is now assumed to be constant. The estimated

angular rate is given by ® = @ — ﬂ where ﬂ is the estimated bias.
Noiseless observations of the true quaternion, ¢, are assumed in [52],
but this assumption is relaxed in [119]. The error quaternion between
the “measured” quaternion and the estimated quaternion follows
Eq. (20) with

_|de|_ ~
8q = |:5q4:|—q®q (107)

The nonlinear observer for the quaternion and bias is given by

g =1E(@AT(3q)[6 + kSesign(5q)] (108a)
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B = —Lsgsign(q,) (108b)

where k is any positive constant. The error dynamics of the observer
can be shown to be given by

84 =—1E(8¢q)[AB + kdasign(5q,)] (109a)

AB = 180sign(8q,) (109b)

where A =B — ﬁ . The equilibrium states for Eq. (109) are 8q =
[000 +1]"and AB=[000]".

To prove global stability of the observer, the following candidate
Lyapunov function is chosen:

(8gs —1)?* + 680780, 8q, >0

(8qs + 1)*> + 80780, 8q, <0 (110)

V=1ABTAB + %{
Taking the time derivative of Eq. (110) and using Eq. (109) leads to
= 450750 (111)

for all 7. This establishes that A, §e, and 8¢, are globally uniformly
bounded. The second derivative is given by

V =480 (8qsl5. + [80XD[AB + kdosign(3q,)]  (112)

which is also bounded. Barbalat’s lemma [120] then shows that
lde]| — 0 ast— oo.

Nonlinear observers are especially useful because they are often
accompanied with global stability proofs. The property of
guaranteed convergence from any initial condition is especially
desired by designers of spacecraft attitude estimation applications.
The observers in [47-52] all require an attitude measurement, which
limits their use to cases where a point-by-point determined attitude is
known. Although nonlinear observers are still in their infancy, these
methods show great promise for future applications.

XI. Adaptive Methods

Many adaptive methods exist that either update noise covariances
in a filter design [17,54-56], or update model parameters through
least-squares techniques [58-61] or by using nonlinear techniques
[62—64]. In this section a noise adaptive approach using a quaternion
Kalman filter [17], and a nonlinear adaptive approach to determine
both inertia parameters and constant disturbance [62] are shown.

A. Noise Adaptive Approach

The adaptive filter described in this section is based on a linear
pseudomeasurement, given by Eq. (25). The adaptive filter processes
the measurement residuals to optimally compensate for system
errors. The case of process noise adaptive estimation is considered in
[17]. The process noise covariance matrix is assumed to be a scalar
times identity matrix Q; = nl3,3, where 1 is the to-be-estimated
parameter using an adaptive scheme. The process noise covariance is
initialized using Q, = I3,3. Denoting the sensitivity matrix that
multiplies g in Eq. (25) as H, the m—i time-step back residual is given
by

vi=—H.q, (113)
for i=1,2,...,m, where H}( is computed from a single
measurement and ¢} is the propagated quaternion estimate. Note

that Eq. (113) implies that the pseudomeasurement is zero [17]. The
sample mean of m predicted residuals is defined by

1 )
= ! 114
v mE vi (114)

The squared residual sample mean, denoted by the matrix M™ is
computed as

e Z%i(v;;) (v)" (115)

i=1

and the covariance of v™ is denoted by S™. The adaptive procedure
determines 7 that solves the following minimization problem:

min{J () = |M" — " ()%} (116)

where the norm | -|| denotes the Frobenius norm, that is,
|M||?> = trace(MMT). The solution to this minimization problem is
given through a series of steps. First, the following variables are
initialized: ¢ =g, PI=Pf, M° =044, L°=0,, and
MO =0,,,, where gi and P} are the updated quaternion estimate
and covariance, respectively. Then, the following steps are given,
starting with i = 1:

1) Compute E(gi!), where E is defined by Eq. (5a).

2) Propagate the quaternion and covariance using

gi=o gt (117a)

Pi= ()P (o) (117b)

where ®i~! is the state transition matrix from the quaternion
kinematics.

3) Compute E (g}) and v} from Eq. (113), along with the following
variables:

N N
Mi="""p -l—f(v;c)(v;()r (118a)
l l

Ri :i[E(é;)]Ri[E(éi)]T +al,, (118b)

N e
Mi= M1 4 (H;;)P;(H;;)T + R (118d)

Li— L4 (HL')Z,-(Hi)T (118e)

where Ri is the measurement covariance and « is a small number to
ensure that R} is nonsingular. The procedure continues through
i < m. The estimate for 7, denoted by 7, is computed by

trace[(M™ — M™)(L™)7]
trace[(L™)(L™)T]

0= (119)
Then, the process noise covariance is updated. This covariance is

then converted into a4 x 4 matrix using the matrix =, which is then
used in the additive filter after the normalization stage.

B. Nonlinear Adaptive Approach

The nonlinear adaptive approach described in this section
estimates both the inertia matrix components and a constant vector of
unknown disturbances [62]. The kinematics are given by the vector
of MRPs [66], denoted by p, and Euler’s dynamics equations [121]:

p={(0—-p"p)s +2[px]+2pp"le = ;B(p)e  (120a)
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Jé +[wx]Jo=T+F (120b)

where F is the external vector of disturbances, which is assumed
constant. The quantities p and w are assumed with no noise. The
adaptive control law is given by

r=[;: 7 f] 0 =0 (121
gE[a)f ®) 03 0w, Ww; a),a)3]T (121b)
¢=—Kw—[wa+(4i_M)1 ]P
' L+l 2 )77
1
—4K,-B‘1(p)/pdt (121c)
0

where 3 is the estimated inertia matrix, F is the estimated
disturbance, K,, K,, and K; are scalar control gains and L=

[il fiz] is a matrix of estimated inertia components, with

0 :723 —;723

L = —;713 0 T
- 0
Te e . (122)
. VA Tun—In —Jn
Ly=| —Jy T In—I=n
TIn—Jn —J13 T
The adaptive update law is given by
Q= —1B"(p)S;exT (123)

where " is a 10 x 10 matrix of learning design parameters and e is
given by

Jop—p,)dr
e — p—p, (124)
p _pr

where p, and p, are reference trajectories. The matrix S;isa3 x 9

submatrix of the 9 x 9 matrix S = [Sl DS, S, ], which is
determined by solving the following Lyapunov equation:
SE+ETS=-D (125)
where
03><3 I 3x3 03><3
E=| 053 033 I3 (126)

—Kilys =K,z =Kyl

Once a matrix D is chosen, then the positive definite matrix S is
determined numerically. The stability of the adaptive control law is
proven using a Lyapunov analysis.

Clearly, from the definition of I:z in Eq. (122) the inertia matrix
cannot be uniquely determined. Rather, the inertia matrix terms and
products, using this redundant formulation to make the other
parameters appear linear, are estimated such that the closed-loop
dynamics assumes a prescribed linear form. The inertia matrix term
adaptation is to enforce this desired linear closed-loop dynamics, not
to actually identify the true inertia terms. Because of the redundancy
of the inertia terms, there is an infinity of solutions of these inertia
terms which will all yield the desired behavior.

XII. Conclusions

Many nonlinear filtering methods have been applied to the
problem of spacecraft attitude determination in the past 25 years.
This paper has provided a survey of the methods that its authors
consider to be most promising. It remains the case, however, that the
extended Kalman filter, especially in the form known as the
multiplicative extended Kalman filter, remains the method of choice
for the great majority of applications. It is a relatively simple and
flexible tool with extensive heritage that can incorporate a great
variety of measurements. The extended Kalman filter can fail in cases
that have highly nonlinear dynamics or measurement models, or that
lack a good a priori estimate of the state. Spacecraft engineers usually
employ conservative designs with good initial estimates for filters,
but increasingly powerful processors promote increased spacecraft
autonomy, including autonomous initialization of attitude estimation
filters.

Unscented filters are an attractive alternative for applications
where the nonlinearities of the dynamics model or of the
measurement models are severe, or when a good a priori estimate of
the state is unavailable. These filters require the probability density
function to be approximately Gaussian, as the central limit theorem
leads one to expect in all but pathological cases, and to be at worst
unimodal. Unscented filters are especially attractive when it is
difficult or impossible to compute analytic partial derivatives of the
dynamics or measurement models. They also have the advantage of
being well suited to parallel computation. The backwards-smoothing
extended Kalman filter has shown promise in situations similar to
those for which unscented filters are indicated. The computational
burden of the backwards-smoothing extended Kalman filter is such
that it is probably not competitive with a well-designed unscented
filter in most cases, though.

Particle filters are the only recourse when the density function is
significantly non-Gaussian, especially if it is multimodal. Particle
filters face the curse of dimensionality if more than a few parameters
are to be estimated, however. Creative ways around this problem
coupled with increases in computing power may make particle filters
more generally useful for future spacecraft applications, but they are
confined to niche applications at the present.

Some of the attitude estimation approaches presented in this paper,
such as filter QUEST and recursive QUEST, are simple linear or
pseudolinear filters but are suboptimal compared with the standard
extended Kalman filter. These are, however, useful for spacecraft
contingency designs in case of anomalies or as simple tools for
analysis purposes. The orthogonal attitude filter represents the first
approach to a truly nonlinear filter, but the theory is still not complete
for attitude estimation. The predictive filter is useful for point-by-
point estimation, but its advantages over the other filtering
approaches have not been shown yet. Nonlinear observers are
attractive because they usually are proven to be asymptotically
stable, but due to their infancy they have not yet found widespread
use on actual spacecraft. Adaptive approaches can be useful when
system parameters are not known well or in the advent of spacecraft
failures.

Although the new approaches surveyed here have been shown to
have some advantages, it is wise to apply the old adage “if it ain’t
broke don’t fix it” to the standard extended Kalman filter, which has
proved its worth on a multitude of spacecraft missions. Ultimately,
future mission requirements coupled with enhanced confidence in
the new approaches may bring about their greater use for onboard
spacecraft applications.
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